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AB-1

1997

1. A particle moves along the z-axis so that its velocity at any time ¢ > 0 is given by
v(t) = 3t? — 2t — 1. The position z(t) is 5 for ¢t = 2.

(a) Write a polynomial expression for the position of the particle at any time ¢ > 0.

(b) For what values of ¢, 0 <t < 3, is the particle’s instantaneous velocity the same as its
average velocity on the closed interval [0, 3]?

(c) Find the total distance traveled by the particle from time t = 0 until time ¢ = 3.

(a) z(t) z/v(t) dt:/(3t2—2t—1)dt
=3 —t2—¢t+C
z(2)=8-4-2+C=5; (C=3

o) =t —t2—t+3

2(3) — z(0

(b) avg. vel. = (;‘g()
18—3

_—-3—._5
3t2—2t—1=5

t:”gm or 1786

3
() distance = / lo(t)| dt
0

3
:/ |32 — 2t — 1|dt = 17
0
or

v(t) =312 -2t —1=0

z(l)=1-1-1+3=2
2(3) =27-9-3+3=18

distance = (3 — 2) + (18 — 2) = 17

105

()=t -t —t+C
<—1> error(s) in 3 — ¢ — ¢

< —1> no constant of integration

: evaluates constant of integration

: average velocity = 5

: sets v(t) equal to student’s

average velocity

. answer

0/1 if not solving
3t2 — 2t — 1 = an avg. velocity

: limits of 0 and 3 on an

integral of v(t) or |v(t)|
or
substitutes t = 0 and ¢ = 3 in z(t)

: handles change in direction

at student’s turning point

answer
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AB-2

2. Let f be the function given by f(z) = 3cosz. As shown
above, the graph of f crosses the y-axis at point P and the \

z-axis at point Q.

(a) Write an equation for the line passing through points P /

and Q.

(b) Write an equation for the line tangent to the graph of f at
point Q. Show the analysis that leads to your equation.

(c) Find the z-coordinate of the point on the graph of f,

1997

between points P and ), at which the line tangent to the 0 (%, 0)

graph of f is parallel to line PQ).

(d) Let R be the region in the first quadrant bounded by the

graph of f and line segment PQ. Write an integral
expression for the volume of the solid generated by
revolving the region R about the z-axis. Do not evaluate.

(b)

slope = d=1 ——-9—
4 T0-7m/2 7w
—-3=—(z-0

Y 7T(ﬂv )

f'(:v) = —3sinz
f(n/2) = =3sin(7w/2) = -3

y—0=-3(z—7/2)

! S = s
fi(z) = —3sinz -
) 2
sing = —
7r
z = 0.690

V= 7r‘/07r/2 [(3cosx)2 - (—gx-}—B)z} dz

1: slope
2
1: equation

5 { 1: fi(n/2) = -3
1: equation using f'(7/2) and f(n/2)

1/2 if equation only

1: equates derivative to slope
1: solution in [0, 7/2]

1/2 if solution only

(2: integrand
0/2 if not difference of 2 squares

1/2 if incorrect but of form
(acosz)? — (bx +¢)? ; a,b#0

1/2 if reversal

3 9

| 1: constant and limits
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AB-3

3. Let f be the function given by f(z) = vz — 3.

1997

(a) On the axes provided below, sketch the graph of f and shade the region R enclosed by
the graph of f, the z-axis, and the vertical line z = 6.

(b) Find the area of the region R described in part (a).

(c) Rather than using the line z = 6 as in part (a), consider the line z = w, where w can be
any number greater than 3. Let A(w) be the area of the region enclosed by the graph
of f, the z-axis, and the vertical line z = w. Write an integral expression for A(w).

(d) Let A(w) be as described in part (c).

when w = 6.

Find the rate of change of A with respect to w

6 2 6
areaz/ \/cc~3dm=§(a:—3)3/2
3 3

=23 = 3.464

dA

- = =3

dw v

da =3 =1.732
dw w=6

1: graph of f, (domain is z > 3,
goes through (3,0), is increasing,
positive, and concave down)

1: correct region relative to graph of f

1: limits
1: integrand

1: answer
0/1 if second point is not earned

1: limits
2
1: integrand

dA
2!  dw

1: evaluation at 6

0/2 if % is constant
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AB-4

1997

4. Let f be the function given by f(z) = 2° — 622 + p, where p is an arbitrary constant.

(a) Write an expression for f'(z) and use it to find the relative maximum and minimum
values of f in terms of p. Show the analysis that leads to your conclusion.

(b) For what values of the constant p does f have 3 distinct roots?

(c) Find the value of p such that the average value of f over the closed interval [—1,2] is 1.

(a)

f(z) =23 -6z +p
fl(z) =322 - 122 =0
3z(z—4)=0

f'(z) changes sign from positive to negative
atz =0
f'(z) changes sign from negative to positive
atx =4

or

f"(z) = 6z — 12, f(0) = —12, f"(4) = 12

relative maximum at z =0, f(0) =p

relative minimum at z =4, f(4) =p— 32

f(z) has three distinct real roots
when p > 0 and p — 32 <0,

so 0<p<32

2
Z—t—lj/ (23 — 622 +p)dz =1
—(-1}Ja
1[1 " 3 r
= |=z~ — 22" + pzx =1
3 14 1
11716 1
g [(7 - 10+20) - (3+2-7)
1 57
=—l3p—"2| =1
3[3 4]
23
=— =575
p=— =35

((1: finds f'(z)
1: solves f'(z) =0

1: indicates the location of a maximum

4 and a minimum, with analysis

0/1 if explicitly chooses to work
only with a specific value for p

1: finds the maximum and minimum
| values in terms of p

{ 1: upper bound

1: lower bound

< —1> including 0 or 32, or both

(2: average value
1: integrand and limits

1: appropriate constant for
definite integral

: sets average value equal to 1
and solves for p

equation must be of the form

2
k/ (z® — 62% 4+ p)dz = 1
! -1

1/3 solution only
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AB-5, BC-5

5. The graph of a function f consists of a semicircle and two line
segments as shown above. Let g be the function given by

ole) = / "5 de.

1997

(a) Find g(3). o
(b) Find all values of z on the open interval (—2,5) at which =5 -4 -3 -2 “1_10 1 2\3/1 5

g has a relative maximum. Justify your answer. ) 3,-D
(c) Write an equation for the line tangent to the graph of ¢ 3

at z = 3.
(d) Find the z-coordinate of each point of inflection of the

graph of g on the open interval (—2,5). Justify your

answer.

: 2: answer
(a) g@8) =/ f(t)dt
0 2 < —1> each incorrect area
2_1“ 22—1=7r—1 < ~1> error in summing
4 2 2

(b)

g(z) has relative maximum at z = 2

because ¢'(z) = f(z) changes from positive
to negative at z = 2

graph of g has points of inflection with
z-coordinates z =0 and z =3

because ¢”(z) = f'(z) changes from positive
to negative at z = 0 and from negative to
positive at £ =3

or

because ¢'(z) = f(z) changes from increasing
to decreasing at £ = 0 and from decreasing
to increasing at £ = 3

: relative maximum at x = 2 only
1: ¢'(z) = f(z) or interprets
g(z) as area accumulator

1: justification
(ignore discussion at z = 5)

:g'(3) =1
: equation using ¢(3) and ¢'(3)

1: points of inflection with
z-coordinates 0 and 3 only

1: justification
(ignore discussion at z = 2)

1/2 if z = 0, 3 selected as candidates
and z = 3 discarded because
g"(3) does not exist

1/2 if z =0,2,3 selected as candidates
and z = 2 and £ = 3 discarded because
¢"(2) and ¢"(3) do not exist
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AB-6, BC-6 1997

6. Let v(t) be the velocity, in feet per second, of a skydiver at time ¢ seconds, ¢ > 0. After her

parachute opens, her velocity satisfies the differential equation ‘fi—’t’ = —2v — 32, with initial

condition v(0) = —50.

(a) Use separation of variables to find an expression for v in terms of ¢, where ¢ is measured
in seconds.
(b) Terminal velocity is defined as lim v(t). Find the terminal velocity of the skydiver to

t—00
the nearest foot per second.

(c) Tt is safe to land when her speed is 20 feet per second. At what time ¢ does she reach
this speed?

(a) %3;_ = —2v—32=—2(v +16) (1: separates variables
. 1: antiderivative of dv side
dv
oot [ 20
v+ 16 0/1 if no /av+b’a?£0
Injo+16] = -2t + A 1: antiderivative of dt side
lv + 16| = e7 2+ = ede™ 64 1: constant of integration
o 1: uses initial condition v(0) = —50
v+ 16 = Ce
1: solves for v(t)
— = CeY : =_34
S0+ H=0e"y & 8 0/1 if not solving =kdt
o av+b
v=—34e"" — 16 where a, b, k nonzero

. 0/1 if no constant of integration

0/6 if variables not separated

(b) lim v(t) = lim (—346_2t - 16) = —16 1: limit value
t—00 t—co
must be exponential v(¢) with finite limit

(c) v(t) =—34e"* —16=—-20 1: sets v(t) = —20
2 § 1: solution
2 1 2
o 2, Y o2 _
¢ 17’ 2 n (17) = 1.070 must be exponential v(t)
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